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THE KNASTER-TARSKI THEOREM
VERSUS
MONOTONE NONEXPANSIVE MAPPINGS
RAFAEL ESPI´NOLA AND ANDRZEJ WIS´NICKI
Abstract. Let X be a partially ordered set with the property that
each family of order intervals of the form [a, b], [a,→) with the finite
intersection property has a nonempty intersection. We show that every
directed subset of X has a supremum. Then we apply the above result
to prove that if X is a topological space with a partial order  for which
the order intervals are compact, F a nonempty commutative family of
monotone maps from X into X and there exists c ∈ X such that c  Tc
for every T ∈ F , then the set of common fixed points of F is nonempty
and has a maximal element. The result, specialized to the case of Ba-
nach spaces gives a general fixed point theorem that drops almost all
assumptions from the recent results in this area. An application to the
theory of integral equations of Urysohn’s type is also given.
1. Introduction
M. R. Alfuraidan and M. A. Khamsi asked in [1] whether the classical
fixed point theorems for nonexpansive mappings still hold for monotone-
nonexpansive mappings. An interplay between the order and metrical struc-
ture of the space turned out to be very fruitful in the years that followed,
including the Bishop-Phelps technique [11], counterparts of Banach’s con-
traction principle (see, e.g., [13, 12, 10, 9]) and numerous applications, from
linear and nonlinear matrix equations, differential and integral equations,
to game theory. For a recent account of the theory we refer the reader to
[4].
Let (M,) be a set with a partial order. A mapping T : M →M is said to
be monotone (or increasing) if T (x)  T (y) whenever x  y. If in addition
(M, d) is a metric space then T is said to be monotone nonexpansive if
d(T (x), T (y)) ≤ d(x, y)
for every comparable x, y ∈ M (i.e., x  y or y  x). Fixed point theory
for nonexpansive mappings is broad and it is natural to study its counter-
part for monotone nonexpansive maps. It was initiated quite recently in [2].
In [3], an analogue of the Browder-Go¨hde fixed point theorem in uniformly
convex spaces was obtained. The next step might be to attack a counterpart
of classical Kirk’s theorem in Banach spaces with weak normal structure,
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and then to look for some counterexamples of Alspach’s type (for a back-
ground of metric fixed point theory, [6] is recommended). Then we could
examine a vast number of more or less interesting generalizations of nonex-
pansive mappings from the order-theoretical point of view that have been
introduced for over fifty years now (metric fixed point theory seems to be a
real phenomenon here). Such works have recently started to appear.
The aim of this note is to show that fixed point theory for monotone
nonexpansive-type mappings is not that rich. For its existential part, it
appears to be an application of the classical Knaster-Tarski theorem (also
known as the Abian-Brown theorem), see e.g., [7, Theorem 2.1.1], and its
generalization to commutative family of monotone mappings. We show in
Section 2 a general fixed point theorem with an independent proof that
drops almost all assumptions from the recent results in this area, see Corol-
lary 1 and the comments after it. A counterpart of Kirk’s theorem follows
as a very special case. In Section 3 we apply our results to the theory of
functional integral equations of Urysohn’s type.
2. Fixed point theorems
The following lemma is crucial for our work. In this generality it is prob-
ably new but some special cases follow for example from [4, Prop. 2.32],
combined with [8, Prop. 1.1.7]. Let X be a set with a partial order . Con-
sider the sets [a,→) = {x ∈ X : a  x} and (←, b] = {x ∈ X : x  b}.
Along this work the concept of order intervals in X will be restricted to the
sets [a,→) and [a, b] = [a,→) ∩ (←, b].
Remember that a subset J of a partially ordered set X is directed if each
finite subset of J has an upper bound in J .
Lemma 1. Let X be a partially ordered set for which each family of order
intervals of the form [a, b], [a,→) with the finite intersection property has a
nonempty intersection. Then every directed subset of X has a supremum.
Proof. Let J be a directed subset of X and define
K =
⋂
x∈J
[x,→).
For each n and a sequence {x1, . . . , xn} ⊆ J an upper bound in J of the
sequence is in
⋂n
i=1[xi,→) and so, from the finite intersection property, K
is nonempty. Take now {z1, . . . , zn} ⊆ K and consider
⋂n
i=1[xi, zi] which
is again nonempty because the same upper bound as above is still in this
intersection. Therefore the family {[x, z] : x ∈ J, z ∈ K} has the finite
intersection property too and K0 =
⋂
x∈J,z∈K [x, z] is nonempty. Moreover,
it is clear that K0 ⊆ K and each element of K0 is a lower bound of K.
Hence K0 is a singleton and it is, in fact, the supremum of J . 
Remark 1. Notice that Lemma 1 holds for topological partially ordered
spaces for which order intervals are compact.
If we combine Lemma 1 and the Knaster-Tarski theorem we obtain im-
mediately,
MONOTONE NONEXPANSIVE MAPPINGS 3
Theorem 1. Let X be a topological space with a partial order  for which
order intervals are compact and let T : X → X be monotone. If there exists
c ∈ X such that c  T (c), then the set of all fixed points of T is nonempty
and has a maximal element.
But the application of Lemma 1 is wider. Having it we obtain a short and
independent proof of the following strengthening of Theorem 1.
Theorem 2. Let X be a topological space with a partial order  for which
order intervals are compact and let F be a nonempty commutative family
of monotone maps from X into X. If there exists c ∈ X such that c  Tc
for every T ∈ F , then the set of common fixed points of F is nonempty and
has a maximal element.
Proof. Let
J0 = {x ∈ X : x = T1T2...Tnc : T1, ..., Tn ∈ F , n ∈ N} ∪ {c}.
It is not difficult to see that J0 is a directed set, x  Tx and Tx ∈ J0 for
each x ∈ J0 and T ∈ F . Furthermore, if J is a chain of directed subsets
of X containing J0 with the above properties, then
⋃
J is a directed set
with these properties too, i.e., x  Tx and Tx ∈
⋃
J for each x ∈
⋃
J
and T ∈ F . By Kuratowski-Zorn’s lemma there exists a maximal directed
set J ⊆ X which contains J0 with these properties and let s = sup J whose
existence follows from Lemma 1. Then x  s and hence x  Tx  Ts
for every x ∈ J and T ∈ F . Thus each Ts is an upper bound for J and
consequently s  Ts for T ∈ F . It follows from the maximality of J that
s = Ts ∈ J for each T ∈ F and clearly s is a maximal fixed point of F . 
Remark 2. Theorem 2 can be also deduced by combining Lemma 1 with
DeMarr’s theorem [5, Theorem 1].
We are thus led to the following corollary.
Corollary 1. Let X be a Banach space with a partial order  and let τ be a
Hausdorff topology on X such that the order intervals are τ -closed. Suppose
C is a (nonempty) τ -compact subset of X and F a (nonempty) commutative
family of monotone maps from C into C. Then F has a common fixed point
if and only if there exists c ∈ C such that c  f(c) for every f ∈ F .
Moreover, the set of common fixed points of F has a maximal element.
Let us list the improvements of Corollary 1 over known results till date:
• We do not impose any conditions on a Banach space X .
• We consider an arbitrary Hausdorff topology τ while in most pa-
pers the classical weak topology is considered or at least a topology
for which a Banach space X satisfies a rather strong geometrical
assumption (the τ -Opial condition).
• A subset C of X is τ -compact and in general need be neither convex
nor bounded.
• We assume that T : C → C is monotone only and need be neither
monotone-nonexpansive nor continuous.
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• Rather than considering a single mapping T , we consider any family
of commuting monotone mappings.
• And finally, apart from the existential result we obtain a qualitative
information about the set of fixed points that is sometimes helpful
in applications.
We conclude this section with a few special cases of Corollary 1.
Theorem 3 (see [2, Theorem 2.1]). Let X be a Banach space. Let τ be a
topology on X such that X satisfies the τ -Opial condition. Let  be a partial
order on X such that order intervals are convex and τ -closed. Let C be a
bounded convex τ -compact nonempty subset of X and let T : C → C be
a monotone nonexpansive mapping. Assume that there exists x0 ∈ C such
that x0 and T (x0) are comparable. Then T has a fixed point.
Theorem 4 ([3, Theorem 4.1]). Let (X, ‖·‖ ,) be a partially ordered Ba-
nach space such that order intervals are closed and convex. Assume X is
uniformly convex in every direction. Let C be a nonempty weakly compact
convex subset of X and let T : C → C be a monotone nonexpansive map-
ping. Assume there exists x0 ∈ C such that x0 and T (x0) are comparable.
Then T has a fixed point.
Theorem 5 ([1, Theorem 3.3]). Let (X, ‖·‖ ,) be a partially ordered Ba-
nach space for which order intervals are convex and closed. Assume X is
uniformly convex. Let C be a nonempty convex closed bounded subset of X
and let T : C → C be a continuous monotone asymptotically nonexpansive
mapping. Then T has a fixed point if and only if there exists x0 ∈ C such
that x0 and T (x0) are comparable.
Theorem 6 ([1, Theorem 3.6]). Let (X, ‖·‖ ,) be a partially ordered Ba-
nach space for which order intervals are convex and closed. Assume X is
uniformly convex space that satisfies the monotone weak-Opial condition.
Let C be a nonempty convex closed bounded subset of X and let T : C → C
be monotone asymptotically nonexpansive mapping. Then T has a fixed point
if and only if there exists x0 ∈ C such that x0 and T (x0) are comparable.
3. Examples of application
Weak conditions assumed in the results obtained in the previous section
allow us to weaken conditions on examples of applications of monotonicity
results. One of these examples is provided, for instance, by [2, Section 3].
Let Ω be a measure space, and consider the integral equation
(3.1) x(t) = g(t) +
∫
Ω
F (t, s, x(s)) dµ(s), t ∈ Ω,
where
i) g ∈ L2(Ω, ),
ii) F : Ω × Ω × L2(Ω, ) → is measurable and monotone in its third
coordinate.
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iii) There exists a non-negative function h(·, ·) ∈ L2(Ω × Ω) and M ∈
[0, 1/2) such that
|F (t, s, x)| ≤ h(t, s) +M |x|,
where t, s ∈ Ω and x ∈ L2(Ω, ).
As it is shown in [2, Section 3], we can associate to this integral equation
the operator J : L2(Ω, )→ L2(Ω, ) given by
(Jy)(t) = g(t) +
∫
Ω
F˜ (t)(y)(s) dµ(s)
where F˜ (t)(y)(s) = F (t, s, y(s)). Then it can be shown, in the same terms
as in [2], that J sends the whole L2(Ω, ) to a closed ball of sufficiently large
radius. Now, if we consider the weak topology as τ in Theorem 2 it can be
shown that order intervals are closed with respect to this topology. Finally
we need to guarantee that there exists a c ∈ L2(Ω, ) which is comparable
with J(c). This will be furnished by the extra condition in the next theorem.
Theorem 7. Under the above assumptions, we have that:
i) The integral equation (3.1) has a non-negative solution provided we
assume that g(t) +
∫
Ω
F (t, s, 0) dµ(s) ≥ 0 for almost every t ∈ Ω.
ii) The integral equation (3.1) has a non-positive solution provided we
assume that g(t) +
∫
Ω
F (t, s, 0) dµ(s) ≤ 0 for almost every t ∈ Ω.
Proof. Notice that the added condition implies that J(0) ≥ 0 in i) and
J(0) ≤ 0 in ii). The conclusion follows then after Theorem 1. 
Remark 3. Comparing this example with the one provided in [2, Section
3] we can notice that no nonexpansive condition is imposed on F and this
allows us to weaken the conditions on the measure space which is no longer
required to be finite. In fact, our approach does not even require the measure
space to be σ-finite as it is the case for some other close examples to this
one in the literature as the one developed in [4, Section 7.2.2].
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